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1. Introduction 

Recently, inspired by a possible duality between gauge theory and twistor string 
theory [1], [|, there has been much progress in obtaining one- loop gauge theory am- 
plitudes in compact forms p, [|, [|, || [7|, ^, [Hj. Most of the applications in loop 



calculations have been to amplitudes which involve only external gluons. In this pa- 
per we explore how amplitudes involving particles other than gluons may be obtained 
via symmetry constraints rather than by direct computation. In particular, we use 
Supersymmetric Ward Identities 0](SWI) to obtain amplitudes involving gluinos 
and scalars from purely gluonic amplitudes. 

On-shell SWI [|ll[] impose powerful constraints on amplitudes in gauge theories, 



giving algebraic constraints between amplitudes with the same helicity configuration 
but different external particle types. These constraints apply at any order in pertur- 
bation theory. From a Feynman diagram perspective, these relationships are most 
naturally employed to obtain purely gluonic amplitudes from amplitudes involving 



- 1 - 



fermions, as the latter are easier to calculate. For example, at six-point, Kunszt [12 



was able to obtain the purely gluonic tree amplitudes from the set of amplitudes 
with four gluons and two fermions. Motivated by the recent advances in calculating 
purely gluonic amplitudes, in this paper we will reverse this process and generate 
amplitudes involving fermions from the purely gluonic ones. For some helicity con- 
figurations the SWI contain sufficient information to simply solve for the fermionic 
amplitudes: for example in Af = 4 gauge theory the SWI for amplitudes with two 
negative helicities and the rest positive (known as MHV amplitudes) can be easily 
solved and amplitudes with any external particles obtained from the purely gluonic 
MHV amplitudes [|13|, by a simple multiplicative factor. 

For other configurations, such as those with three negative helicities (known as 
"next-to-MHV" or NMHV amplitudes) the SWI do not allow such simple solutions. 
However, we shall show how the SWI can be solved in a natural way to obtain 
amplitudes with two gluinos in terms of the purely gluonic case. We will first apply 
this to the six-point tree amplitudes where we can connect to known expressions. 
Secondly we shall determine the one-loop six-point NMHV amplitudes in Af = 4 
SYM which involve two gluinos. More generally there also exist SWI which involve 
amplitudes with two gluinos, four gluinos, two scalars and two gluinos plus a scalar. 
We explicitly determine the two scalar amplitudes. The SWI then give the remaining 
amplitudes directly in terms of known amplitudes. 



2. J\f = 4 Amplitudes and Recent Developments 

In this section, we describe the organisation of tree and one-loop amplitudes and 
review the recent progress in determining the one-loop gluonic amplitudes in Af = 4 
SYM. 

Tree Amplitudes: Tree-level amplitudes for U(N C ) or SU(N C ) gauge theories with 
n external adjoint particles can be decomposed into colour-ordered partial amplitudes 
multiplied by an associated colour-trace ]15|, [Tj|. Summing over all non-cyclic per- 
mutations reconstructs the full amplitude J\f£ ee from the partial amplitudes A^ ee (a), 

AT({k l ,a i }) = g n - 2 £ Tr(TMi)... T M.)) ^(^(1),...,^,)), (2.1) 

where hi and are respectively the momentum and colour-index of the i-th external 
particle, g is the coupling constant and S n /Z n is the set of non-cyclic permutations 
of {1, . . . , n}. The U(N C ) (SU(N C )) generators T a are the set of traceless hermitian 
N c x N c matrices, normalised such that Tr (T a T fe ) = 5 ab . Conventionally we take 
all particles to be outgoing. We denote gluons by gi and adjoint fermions by Aj. We 
will often refer to the adjoint fermions as gluinos for simplicity. 
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Amplitudes involving fundamental particles, for example fermions (or quarks) A» 
have a different decomposition |L5[] , 

AT (Ai, A 2 , flu, • • • , ) = £ (T^(3) ■ ■ ■ TM,))^ « ^-(Ai, A 2 , g a{3) , g a(n) ) , 

<T&S n -2 

(2.2) 

where i<i and zi are the colour indices on the quarks. Note that the two quarks 
are adjacent in the ordering. The partial tree amplitudes for two quarks are simply 
related to those of adjoint fermions by, 

< ree (A+ A 2 -, g 3 , g 4 ■ ■ ■ g n ) = AT e (Af, Ajj", g 3 , <fc • • • <7„), (2-3) 

and the difference between the full amplitudes is entirely in the colour factors. For 
amplitudes where exactly two of the external particles are quarks or gluinos and the 
remainder are gluons, the amplitude will vanish unless the quarks or gluinos have 
opposite helicity. 

Tree amplitudes where all the particles have the same helicity vanish, as do 
amplitudes where all but one of the helicities are identical, 

Ar(l ± ,2 + ,...,n + ) = 0. (2.4) 

The simplest non-vanishing amplitudes are the MHV amplitudes with two particles 
of negative helicity and the remainder positive. The MHV partial amplitudes for 
gluons are given by the Parke- Taylor formulae T3|| , 



AT(9t, • • ,9t), = i (12> ff! . (Bl> • < 2 ' 5 > 

for a partial amplitude where j and k are the legs with negative helicity. We use the 
notation (j I) = [j I] = with l^) being a massless Weyl spinor with 

momentum ki and chirality ± |17|, |i~6fl. The spinor products are related to momentum 
invariants by (ij) [ji] = 2ki ■ kj = with (ij)* = 

The MHV amplitudes with external particles other than gluons can be obtained 
from these using SWI. Formulae linking these amplitudes can also be derived using 
current algebra techniques Formulae for amplitudes with three minus helicity 



gluons can be deduced by recursion relations but are more complicated |T3 . 



One-Loop Amplitudes: For one-loop amplitudes of adjoint particles, one may 
perform a colour decomposition similar to the tree-level decomposition ( p.l|) [|l~9| . In 



this case there are two traces over colour matrices and the result takes the form, 

K2J+1 

A 1 n - l ^({k l ,a l })=g n Yl Gr n;c (a) A n;c (a), (2.6) 

c= l cr£Sn/Sn;c 
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where |_^J is the largest integer less than or equal to x. The leading colour-structure 
factor, 

Gr n;1 (l) = N c Tr (T ai ■ ■ -T a ") , (2.7) 

is just N c times the tree colour factor, and the subleading colour structures (c > 1) 
are given by, 

Gr n;c (l) = Tr (T ai • • -T^" 1 ) Tr (T ac • • -T a ") . (2.8) 

S n is the set of all permutations of n objects and S n]C is the subset leaving Gr n;c 
invariant. Once again it is convenient to use U(N C ) matrices; the extra U(l) decou- 



ples 19 



For one-loop amplitudes the subleading in colour amplitudes A n . c , c > 1, may be 
obtained from summations of permutations of the leading in colour amplitude f20| . 



A n;c (l,2,...,c-l;c,c+l,...,n) = (-l) c-1 £ A n;1 {<r), (2.9) 

aeCOP{a}{/3} 

where a, G {a} = {c — 1, c — 2, . . . , 2, 1}, $ 6 {/?} = {c, c + 1, . . . , n — 1, n}, and 
COP{a}{/5} is the set of all permutations of {1,2, . . . ,n} with n held fixed that 
preserve the cyclic ordering of the ctj within {a} and of the /3j within {/?}, while 
allowing for all possible relative orderings of the with respect to the Hence, 
we need only focus on the leading in colour amplitude A n -i (which we will generally 
abbreviate to A n ) and use this relationship to generate the full amplitude if required. 

One-loop amplitudes depend on the particles circulating within the loop and thus 
on the spectrum of the theory. In supersymmetric amplitudes there are generically 
cancellations between the bosons and fermions in the loop. For M = 4 SYM these 
cancellations lead to considerable simplifications in the loop momentum integrals. 
This is manifest in the "string-based approach" to computing loop amplitudes 



As a result of these simplifications, Af = 4 one-loop amplitudes can be expressed 
simply as a sum of scalar box-integral functions []2D| . 



rim r2me j2mh j3m jAm (n i r\\ 

1 i 1 r;i 1 r;i 1 r,r',i 1 r,r',r",i [Z.IV) 

with the labeling as indicated, 
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i+r 



i+r+r; 



r3m 
r.r'.z 



i+r 



4-1 



i+r+r # 



i+r+r'+r" 



Explicit forms for these scalar box integrals can be found in ref. |p0| . The four 
dimensional boxes have dimension —2. It is convenient to define dimension zero 



F-functions by removing the momentum prefactors of the D = 4 scalar boxes |22 
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where, 



and, 



tjfl = (fc a + k a+1 + ■■■ + k a+p ^f , 

r(i + e)r 2 (i- e ) 



cr 



(47r) 2 - e r(l - 2e) ' 
The one-loop amplitudes can thus be expressed as, 



(2.11) 
(2.12) 

(2.13) 
(2.14) 



and the computation of one-loop Af = 4 amplitudes is then just a matter of deter- 
mining the rational coefficients q. These remarkable simplifications also appear to 
extend beyond one-loop |23|j . 

Furthermore, it has been shown that these amplitudes are "cut-constructible" , in 
that the coefficients can be determined from unitary cuts. Using this fact, in ref PD[ 
the one-loop amplitudes were determined for the all-n MHV amplitudes and in p2j 
the remaining six-point gluonic amplitudes (the NMHV amplitudes) were computed 
and the MHV amplitudes determined in M = 1 theories. 

The amplitude for gluonic scattering in M = 4 theory can be thought of as 
a component of gluonic scattering in non-supersymmetric theories. One can de- 
compose the one-loop pure gluon amplitude as a sum of contributions from matter 
supermultiplets, 

A n = A n A/=4 -4A n Af = lchiral + 4°], (2.15) 

where A!? is the contribution from the complex scalar (or M = matter multi- 
plet) circulating in the loop. (Throughout we assume the use of a supersymmetry 
preserving regulator ^T], B3J . ) 
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Recent Progress: Recently there has been a great deal of progress in calculat- 
ing perturbative amplitudes in compact forms: this is key to our obtaining gluino 
amplitudes. Many of the techniques can be applied directly to amplitudes involving 
particles other than gluons however our philosophy will be to avoid such direct com- 
putations but rather to exploit the gluonic amplitudes via the SWI. We have verified 
on occasion our results using these methods - which we now review. 

Progress in calculating amplitudes has been remarkable and varied. At tree 
level, inspired by the duality between topological string theory and gauge theory [|l|], 
a reformulation of perturbation theory in terms of MHV- vertices was proposed ||. 
This promoted the MHV amplitudes of eq. ( |2.5|) to the role of fundamental building 
blocks in the perturbative expansion. By continuing legs off-shell in a well specified 
manner these could be sewn together to form other amplitudes. This reformulation, 
although still lacking a field theory proof, produces relatively compact expressions 
for tree amplitudes. Although initially presented for purely gluonic amplitudes, it 
has been successfully extended to other particle types |2(| [2~7fl . 

In a different development, a series of recursion relations for calculating tree 
amplitudes have been postulated [p8fl . These yield compact expressions for gluonic 



tree amplitudes 29], the six-point NMHV amplitudes involving fermions [ 30 1 and 



gravity amplitudes |31], |32], |33 |. 

Although impressive, progress in calculating tree amplitudes has generally in- 
volved producing better forms for amplitudes which were previously available (if 
only numerically). A much tougher but more rewarding problem is to compute 
loop amplitudes for which much less is known. For one-loop amplitudes in gauge 
theory, full results for all helicities and all particle types are only known for the 



four-point [pi, EH] and five-point [35, 3£, ByL pq] amplitudes. Beyond five-point, the 



one-loop amplitudes are much better understood within supersymmetric theories. 



The MHV vertex approach has been shown to extend to one-loop in ref. ][3S 
where the one-loop M = 4 MHV amplitudes were computed and shown to be in 
complete agreement with the results of p0| , and in refs [40, 41] where the M = 1 



MHV one-loop amplitudes were computed and shown to be in agreement with the 
results of ||22|| . Although the MHV vertex approach appears to work in principle, the 



connection to the form of eqn. ( [2.14 ) involves integration. Progress in evaluating the 



Ci has been more fruitful when employing methods which determine the coefficients 
using algebraic equations. Techniques based on the structure of the amplitude in 
twistor space can be used to give algebraic equations for the box coefficients || 
H2L 0, H and techniques based on unitarity [Ej], E_2] can evaluate the coefficients by 
evaluating the cuts of the amplitude. For example, the box-coefficients must satisfy 
a coplanarity condition in twistor space, 

K tjkl c NMHV = 0, (2.16) 
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where, 



Ki 



ijkl 



d d 



— + perms, 



(2.17) 



when the amplitude is expressed as a function of spinor variables k a d = A a A a . The 
coplanarity of the box-coefficients for the M = 4 amplitudes was shown in refs. [[3], |3| 
and shown to extend to M < 4 theories in in |43], |J . The box-coefficients we compute 
for amplitudes involving gluinos also satisfy eq.( |2.16 ). 

These techniques have been very successful and results include the recent com- 
putation of all M = 4 NMHV one-loop amplitudes |3|, |J and various next-to-next-to- 
MHV (N 2 MHV) box coefficients An important development, which enhances the 
power of the unitarity method, is the observation by Britto, Cachazo and Feng [f| that 
box integral coefficients can be obtained from generalised unitarity cuts j|5|, |46|, || by 
analytically continuing the massless corners of the quadruple cuts. The quadruple 
cuts give the box-coefficients as a product of four tree amplitudes, 



,i 2 ,£ 2 )xA tree (£ 2 ,z 3 ,. 



z 6 ,£ 4 )xA trce (£ 4 ,* 7 , 




(2.18) 

The sum is over all allowed intermediate 
configurations and particle types || where the 
cut legs are frozen in a specific manner. This 
formula could be used to compute the ampli- 
tudes involving gluinos, however using the SWI 
produces compact formulae in a straightforward 
manner. These formulae can be numerically 
compared to the forms produced from ( |2.18j ) 
as consistency checks. 

These techniques are also useful in calcu- 
lating amplitudes in Af < 4 theories |8], |44], || 
[TIJ, although these amplitudes are more com- 
plicated and contain integral functions other 
Unfortunately, non-supersymmetric theories are not cut- 
constructible p2| , so the unitary techniques are not immediately applicable, although 
progress is ongoing in this area |47], |48[ . 



Figure 1: A quadruple cut of a n- 
point amplitude. The dashed lines 
represent the cuts. The dots represent 
arbitrary numbers of external line in- 
sertions. 



than the box functions. 



3. Supersymmetric Ward Identities 

Supersymmetric Ward Identities relate amplitudes with the same helicity structure 
but with different external particles types. The Ward identities can be obtained by 
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acting with the supersymmetry generator Q on a string of operators, Zj, which has 
vanishing vacuum expectation value. Typical choices are strings with an odd number 
of fermionic operators. Since Q annihilates the vacuum we obtain, 

o= ([S'll*]) = Y^(zi---[Q,zi\---z n y (3.1) 

i i 

For M = 1 supersymmetry we can use the supersymmetry algebra, 

[Q(v),9 + (p)} = -r + (p, v )K + , [Q( v ),g-(p)] = r-faidA- 

[Q( V ),A + (p)} = -T-(p, V )g+, [Q( V ),A-(p)} = r+(p, V )g-, 

where g ± (p) is the operator creating a gluon of momentum p and the supersymmetry 
generator Q{rj) depends on a spinor parameter 77. The T ± are, 

T + (p,r]) = [rjp] , r~(p,77) = (pv)- (3-3) 

Applying this to ^(gj", g 2 , A3 , #4", . . . , gf+) (i.e. a string of glue creation opera- 
tors with a single gluino creation operator) we obtain, 

= (1 77) A n (A^,g 2 , A+ 0+ . . . ,g+) + (277) A n ((?r, AJ, A+, 0+ . . . , 0+) 



- (Sr])A n {g 1 ,g 2 ,g^,gt, ...,<£)' ^ 
where we have used the fact that amplitudes with two fermions of the same helicity 
vanish. Choosing 77 = 1, for example, gives, 

-4n(#r,A^,A+, #+,...,#+) = -^-A n (gi,gz,g£,g£,...,g+), (3.5) 

and we can thus obtain the MHV two-gluino amplitudes from the gluonic amplitude. 

For NMHV amplitudes the SWI do not lead to such simple solutions: applying 
the supersymmetry operator to A n (g± ,g 2 , g$, A4*, g£, . . . , 0+) we obtain, 

= (1 77) A n (Ai, g 2 , & , A +, 0+, . . . , g+) + (2 rf) A n (g^, A", #3 , A+, 0+, . . . , 0+) 

+ (3 v) A n (gi, 02 , A 3 > A 4 , i/s", • • • , </« ) - ( 4 V) A n (9i, g*, 9s, 9i, 9b>---> 9n) ■ 

(3.6) 

This system has rank 2, so it can only directly give two of the amplitudes in terms 
of the other two. This relationship was used originally |~2] to obtain the six point 
gluonic amplitude from the two-fermion amplitudes. By itself, this relationship does 
not allow us to solve for the fermionic amplitudes unambiguously from the purely 
gluonic. However, when we apply further constraints we will be able to obtain the 
fermionic amplitudes. 

We can also consider M = 2 Supersymmetric Ward Identities [H], Using 
supersymmetry generators Q a , a = 1,2, we have, 

[Qa(v),9 + (P)} = -r + (p,77)A+, [Q a {ri),g-{p)\ = T-{p,v)K, 
[Qa(v)^t(p)] = -T~(p,ri)$abg + - iT + (p,ri)e ah (p + , 
[Qa(v), K(p)] = r+ G°> V)$ab9~ + iT~(p, r))e ab (j)-, 

lQa(ri),<P + (p)} = -iT-{p,r})e ab A+, [Q a {v),<t>~{p)} = +iT + {p,r])e ab A^ . 
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We will need to use these identities to determine amplitudes involving scalars or two 
flavours of gluino. 



4. Tree Amplitudes 

In this section we demonstrate how to generate tree amplitudes involving two gluinos 
from purely gluonic tree amplitudes and then compare these to the known expressions 
obtained via recursion relations |]30| , |10[| which themselves agree with the Feynman 



diagram computations [12 



Six-Point NMHV Tree Amplitudes 

MHV amplitudes with two gluinos have been discussed in section 2, in this 
section we consider NMHV amplitudes and compare our results with previous calcu- 
lations JT3, |5D[ . For colour-ordered gluonic tree amplitudes there are three indepen- 
dent NMHV helicity configurations. When we consider amplitudes with two fermions 
and four gluons there are considerably more depending on the position of the two 
fermions. This set can be reduced considerably using the U(l) decoupling (or "dual 
Ward") identity [[HJ. However, we will not explicitly use these identities since they 
do not extend to one-loop level, or more precisely, they have different implications. 
We shall in this section restrict ourselves to adjoint fermions (gluinos). 

We first consider amplitudes derived from the gluonic amplitude, 

A e \qi , 92 > 9s > gt, 9t, at) = 

*(4|iv234|l> 3 + *(6|K 3 4 5 |3> 3 (4-1) 



t 234 [2 3] [3 4] (5 6) (61) {2|i^ 234 |5> t 612 [6 1] [12] (3 4) (4 5) (2|K 345 |5) ' 

where, (A\K abc \B) = (A + \jk a +jk b +jk c \B + ) = [Aa] (aB) + [Ab] (bB) + [Ac\ (cB). The 
amplitudes involving two fermions which are related to this purely gluonic amplitude 
can be obtained by conjugation, relabeling and flipping (i.e. using A(1234556) = 
A(654321)) from the following four, 

Af(Aj,g-,g-,A+ : g+,g+), A* fa, A~, A+ g+, g+), 
A$fa,g2,Aa,At,g£,gt), A^fa,A^,gs,g+,A+,g+). 



The SWI ( |3~6| ) relating the first three of these amplitudes to the gluonic amplitude has 
rank 2 and hence, in principle, is not sufficient to determine the fermionic amplitudes 
in terms of the gluonic. However, when we utilise their inherent symmetries, we can 
unambiguously determine these fermionic amplitudes. The basic idea is to look for 
identities of the form, 

A(lri) + B(2ri) + C(3ri)-D(Ar]) = 0, (4.3) 

where the form of D is motived by the terms in the numerator of the compact 
expressions for the gluonic tree amplitudes. We shall search for solutions where A, 
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B and C are polynomial in the spinor invariants (ij) and [ij], so that the gluino 
amplitudes are free from spurious singularities and poles. 

Equation ( f4.1| ) contains two terms which we examine individually. Writing the 
second term as (6\K 612 \3)X and focusing on the the (6|i^ 6 i2|3) factor, the Schouten 
identity yields, 

(6|tf 612 |3) (477) = -(6\K 612 \r)) (34) + (6\K 612 \4) (3 V ) 

= (6|^ 612 |4)(37 7 )-[61](34)(1t 7 )-[6 2](34)(27 7 ). 

This implies that the following are solutions of the SWI, 

<(Ar,<7 2 -,<? 3 -, H,9t,9t) = ~ [61] (3 4)X 
Agfa, A 2 ~, gs, A+ «,+ </+) =-[6 2] (3 4) X 
Affa, g 2 , A 3 ", A+ <?+ 5 +) = (6\K 612 \A)X 
4 r (<?i~ fc, &~ ^4 + , 9t, 9t) =(6|^ 612 |3)X . 
Similarly, writing the first term as (4|fT 234 |l)y we find, 

(4|#234|1) (4 77) = (I|^2344|77)=t 234 (lr7)-(2|K 2 34|1) (277) -(3^23411) (377) , (4.6) 

which suggests a second solution to the SWI of the form, 
A%(Ai, g~, g~, A+ g+, g+) =t 2U Y 
Al\g^,A 2 ,g^,Ai,gt,gt)=-(2\K 2U \l)Y 
Agfa, 92, A3", A+ g+, g+) = - (3\K 2U \1)Y 
Agfa, g 2 , g^,g+, g+, gt) =(4|K 234 |1)F . 

The two gluino tree amplitudes are thus, 

A t *fa,g-,A-,A+,g+,g+) = 

z(4|^ 234 |l) 2 (3|K 234 |l) *(6|K 612 |3) 2 (6|K 612 |4) 



+ 



t2u [2 3] [3 4] (5 6) (61) (2|if 234 |5) t 612 [61] [12] (3 4) (4 5) (2|K 612 |5) 
Agfa,A 2 ,g^,A+,g+,g+) = 

2(4|ir 234 |l) 2 (2|ir 234 |l) z(6|X 612 |3) 2 [2 6](3 4) 



%4[2 3] [3 4] (5 6) (61) (2|^ 234 |5) t 612 [61] [12] (3 4) (4 5) (2|K 612 |5) 
Ae{Ai,g 2 ,gz,Ai,g+,g+) = 

*(4|if 234 |l) 2 t 234 «(6|X 612 |3) 2 [1 6] (34) 



t 234 [2 3] [3 4] (5 6) (61) (2|K 234 |5) t 612 [61] [12] (3 4) (4 5) (2|# 612 |5) ' 

(4.8) 

In principle there is some ambiguity in these solutions since the coefficients of 
(6 1 1^612 1 3) and (4)^2341 1) are not unique: 

(6|K 612 |3)X+(4|K 234 |1)F 

(4.9) 
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However, by taking X and Y to be the values that appear in the gluon amplitudes we 
do not introduce any of the unphysical singularities/poles that arise in the general 
(Z 7^ 0) case. The remaining amplitude, A§(g^ , A 2 , g 3 ,gf, Af, g^), can be obtained 
from the SWI, 



= (1 V) 4 r (Ai ,9 2 ,9s , 9t, Ajj", gt) + (2 V) A$(gi ,A 2 ,g 3 , g+, A+ g+) 
+ (37?) A t 6 r (^ 1 -,c/ 2 -,Aj,^+,A+,^+) - (577) ^(^,^,^,#+,#+,3+), 



(4.10) 



which is obtained by acting with Q on A t s(g 1 ,g 2 ,g3 , gt, , 9e)- Here we use the 
identities, 



(6|K 612 |3) (5r/) = (6\K 612 \5) (3 V ) - [6 1] (3 5) (It?) - [6 2] (3 5) (2 77) 
(4|^ 234 |1) (5 77) = (4|K 234 |5) (lr/) - [4 2] (15) (2rj) - [4 3] (15) (3r/) 



(4.11) 



to obtain, 

A%(gi,A-,g-,g+,A+, g+) 



-t(4|K 234 |1) 2 [42](15) 
t 234 [2 3] [34] (5 6) (61) (2|K 234 |5) 

2(6|iT 612 |3) 2 [6 2] (3 5) 



(4.12) 



t 6 i2 [6 1] [12] (3 4) (4 5) (2|AT 612 |5)" 



This SWI also yields consistent but independent expressions for two of the amplitudes 
found previously. For example, 



Ae(A 1 ,g 2 ,g 3 ,gi,A+,g+ 



T(4|ir 234 |l) 2 (4|ir 234 |5) 
[2 3] [3 4] (5 6) (61)(2|K 234 |5) 

i(6|K 612 |3) 2 [61] (3 5) 



[6 1] [12] (3 4) (4 5) <2|AT 612 |5>" 

(4.13) 

The expressions ( 4.8|) and Q4.13| ) satisfy the consistency check, 



A t ^(A 1 ,g 2 ,g 3 , gt, A+ g+) = A^( 9l ,A 2 ,g 3 , A+, g+, g£ 



(4.14) 



Thus we have a self-consistent set of six point, two gluino tree amplitudes for the 

helicity configuration ( h ++). 

Next we consider the helicity configuration ( 1 h+) and obtain two gluino 

amplitudes from the gluonic amplitude: 



+ 



i (1 2) 3 [5 6] ; 



tux (23) [45] (4|K 123 |1)(6|K 12 3|3) 
^(3|;^ 234 |1) 4 «(6|K 6 i 2 |4) 4 



+ 



t 234 [2 3] [3 4] (5 6) (61) (2|ir 234 |5)(4|i^ 234 |l) t 345 [61] [12] (34) (4 5) (6\K 612 \ 3) (2|# 612 |5) 

(4.15) 
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Six amplitudes involving two gluinos are needed to generate all possibilities by rela- 
beling, conjugation and flipping: 



A t 6 I (A 1 , g 2 , A+ g 4 , g+, g+), Af( 9l , A 2 , A+ g 4 , g+ , g+), Af( 9l , g 2 , A+ A 4 , g+ , g+), 

4 r (Ar, g 2 , gt, gl, A5 , (? 6 + ), j4£(&, A 2 , (? 3 + , & , A+ g+), A^(A^,g 2 ,g+, g 4 ,g+, A+). 

(4.16) 

These are related to the gluonic amplitude via the three SWI, 



= (1*7) A t *(A^,g 2 ,A+,g 4 -,g+,g+) + (2 77) A$fc, A 2 , A+ g 4 , g+, g+) 

+ (477) ^6 r (^r>^>A+, a (?+,(?+) - (377) ^(^r,^-,^,^-,^, <?+), 
= (177) 4 r (Ar, 52 -, 5 + 54 -,a+ g +) + (277) A t 6 r (^r,A 2 -, 5 +,^ 4 -,A+ 5 +) 

+ ( 4 ?7) A t 6 r ( 5l -,^ 2 -,^+,A 4 -,A+,^) - (5 77) A* r (#f,# 2 -, #+,#4 ,#+,#+), 
= (I77) ^(Ar,^-,^,^-,^, A+) + (277) 4 r (^r,A 2 ^3 + ,y 4 -,y 5 + ,A+) 
+ (477) 4 r ((?r,(7 2 -,(73 + ,A 4 -,(7 5 + ,A+) - (677) A t *{g^,g 2 ,g+,gl,g+,g+). 

To solve the first of these, as before, we find two independent identities, 

(6|X 612 |4) (3 7/) = (6|X 612 |3) (477) - [16] (3 4) (It?) - [2 6] (3 4) (2 77) , 
(3t/) (3|X 234 |1) = t 2U (I77) - (2|X 234 |1) (2t/) - (4|X 234 |1) (4t/) , 

which give the following solutions to the SWI: 

^ r (Ar, g 2 , At, gl,gt, gt) = [6 1] (3 4) X + t 234 F, 
4 r (^r,A 2 -,A3 + ,^ 4 -,^ + ,^ + ) = [6 2] (3 4)X - (2\K 2U \1)Y, 
A$(9T,9Z,9t> 91* 9t,9t) = (6|^6i 2 |4)X+ (3|X 234 |1)Y, 
Al\g^g 2 ,At,A^gt,gt) = (6\K 612 \3)X - (A\K 2U \l)Y. 



(4.17) 



(4.18) 



(4.19) 



We could rewrite the purely gluonic tree amplitude in the form 
(6\K 612 \A)X + (3|X 234 |1)Y by using the identity, 

(12) [5 6] (3|tf234|l> | (6|* 612 |4) (4 2Q) 



(4|X 234 |1)(6|X 612 |3) 



(3|ir 234 : 


1) 


(4|^ 234 ! 


1)(2|X 234 |5) 



However, it is more convenient and in line with our philosophy of not generating 
extra poles to use the Schouten identity to produce, 

(3 77) (1 2) [5 6] = (1 77) (3 2) [5 6] + (2 77) (1 3) [5 6] . (4.21) 
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Whether we rearrange to use two identities or use three, we obtain the same solutions, 



I*,*- „- a+ „- „+ ^_ -*(12) 2 (2 3)[5 6] 3 



A t *(A 1 ,g 2 ,A+,g 4 ,g+,g+ 



t 123 (2 3) [45] (4|X 123 |1)(6|X 123 |3) 



*(3|^ 234 |l) 3 t 234 i(6|X 612 |4) 3 [6 1] (34) 



t 234 [23] [34] (56) (61) (2|K 234 |5) (4|X 234 |1) t 345 [61] [12] (34) (45) (6|X 612 |3)(2|X 612 |5) 

6 Ul ' 2 ' 3 ,9A ,95 ,96) ~ t 123 (2 3) [45] (4|K 123 |1)(6|K 123 |3) 

-2(3|^ 234 |1) 3 (2|^ 234 |1) *(6|ir 612 |4) 3 [6 2](34) 



+ 



t 234 [2 3] [3 4] (5 6) (61) (2|K 234 |5) (4|X 234 |1) t 345 [61] [12] (3 4) (4 5) (6|X 612 |3)(2|X 612 |5) 
-*(3|^ 234 |1) 3 (4|^ 234 |1) ? (6|^ 612 |4) 3 (6|^ 612 |3) 



t 23 4 [2 3] [3 4] (5 6) (61) (2|^ 234 |5)(4|K 234 |1) t 345 [61] [12] (3 4) (4 5) (6|K 612 |3)(2|K 612 |5) 

(4.22) 

The remaining two amplitudes can be obtained similarly. 
For the final gluonic configuration, 



+ - + - +1 <<2|^12 3 |5> < 



A 6(9l :92:93 ,9t ,9b ,06 



t 123 [1 2] [23] (45) (56) (1|X 123 |4)(3|X 123 |6) 
*(6|K 234 |3) 4 *(4|^ 345 |1) 4 



+ t 234 (23) (34) [56] [61] (5|K 234 |2) (1|X 234 |4) + t 345 (6 1) (1 2) [34] [45] (3|K 345 |6)(5|K 345 |2) ' 

(4.23) 

there are two independent amplitudes involving two gluinos, 



4 r ( A i , A t, 9s , 9t, 9 5 , 9t) , A ti9i , M, 9 3 , 9t, A 5 , gt), (4.24) 
which we can obtain from the SWI, 



(4.25) 



= (1 rf) 4 r (Ar, A+ g; , gt, g&, gt) + (3 rj) A*{g[ , A+ A 3 , g+, g 5 , gt) 
- (2 r,) A%(g-, g+, g-,g+, g~,g+) + (5 77) Agfa, A+ g 3 , gt, A~ , g+). 

We solve this using the identities, 



(2|tf 123 |5) (2 V ) = t 123 (577) - (l|tf 123 |5) (I77) - (3|tf 123 |5) (377) 

(6|X 234 |3) (2 V ) = (6\K 2U \2) (3rj) + (2 3) [5 6] (5 77) - (2 3) [6 1] (lrj) (4.26) 

(4|X 345 |1) (277) = (4|K 345 |2) (I77) + [3 4] (12) (3 V ) - [4 5] (12) (577) , 
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giving the tree amplitudes, 

-z(2|K 123 |5) 3 (l|K 123 |5) 



^(^1,^,93,9^,95,96 



t 123 [12] [2 3] (4 5) (5 6) (1\K 123 \4}(3\K 123 \Q) 
*(6|if 234 |3) 3 (2 3) [61] i{4|i^ 3 45|l> 3 {4|i^34 5 |2> 



hu (23) (34) [56] [61] (5|ir 234 |2) (l|ir 23 4|4> t 345 (61) (12) [34] [45] (3|ir 3 45|6><5|i^ 3 45|2> 

-2(2|^ 123 |5) 3 (3|^ 123 |5) 



A*{ gi ,A+,A 3 ,g+,g 5 ,g+ 



t l23 [12] [2 3] (4 5) (5 6) (1|^ 123 |4) (3|^ 123 |6) 



^(6|ir 23 4|3) 3 (6|K 234 |2) z(4|K 345 |l) 3 [34](12) 



t 234 (2 3) (3 4) [5 6] [61] (5|ir 234 |2)(l|ir 234 |4) t 345 (6 1) (1 2) [3 4] [4 5] (3|ir 345 |6)(5|ir 3 4 5 |2) 

A tr (a - A+ a - a + a- a+) ?(2|if 123 |5) 3 t 123 

6 idl ' 2 ' 5 ,9& } ~ ti* [1 2] [2 3] (4 5) (5 6) (1|K 123 |4) (3|K 123 |6) + 

i{6|i^ 23 4|3> 3 (2 3) [5 6] -i{4|ir 345 |l> 3 [4 5] (12) 



t 234 (23) (34) [56] [61] (5|iT 234 |2)(l|^ 234 |4) t 345 (6 1) (1 2) [34] [45] (3|ir 345 |6)(5|if 3 4 5 |2) 

(4.27) 

The six-point two-quark amplitudes have been computed previously [O and 



can be obtained in compact expressions using recursion relations |3"0[| . Our results 
for adjacent gluinos match these exactly - demonstrating that by respecting the 
symmetries and factorisation structures of the amplitudes one can use the SWI to 
generate the correct results. 



5. Six Point One Loop NMHV Amplitudes with two Gluinos 

The SWI apply to all orders in perturbation theory, so we can apply our technique 
to one-loop amplitudes. Furthermore, M = 4 one-loop amplitudes can be expressed 
as sums of box integrals with rational coefficients |^0[. Since the box integrals are an 
independent set of functions the SWI for these amplitudes will apply box by box. 

For the six-point, one loop, NMHV amplitudes the only types of box contributing 
are the "two-mass-hard" and one-mass boxes. These appear in certain very specific 
combinations: 
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There are only three independent since W^ i+3) = W { i ] . The have several 
rather special features which will extend to amplitudes involving fermions. Firstly, 
even though the integral functions individually contain dilogarithms, these drop out 

(i) 

of the Wq . Secondly, the IR singularities take the rather simple form, 

= 4 + i£^^ + O(e ), (5.2) 

which leads to the sum of the coefficients of the being proportional to the tree 
amplitude. 

The first set of amplitudes we shall consider are based on the gluonic amplitude, 
<= 4 (r, 2", 3", 4+ 5+ 6+) = c r [b, + B 2 wf } + B 3 wf] , (5.3) 
where, 

B 1 = B - -■ (tl23)3 



[12] [2 3] (4 5) (5 6) (1|X 123 |4)(3|X 123 |6) ' 

fi2= ( M) 4 B+ + (MM) 4 4, (5,, 

^234 / V ^234 / 



Ba = ,( 6 |A M5 i3)y B _ jmmv b . 



^345 / V ^345 / 



and, 



B+ — B \j_,j +1 , B_ — B \j^j_i , (5.5) 
where the operation t implies [ij] <-> This amplitude has two symmetries, 

5 1 :<= 4 (r,2-,3-,4 + ,5+,6+) = [<= 4 (1", 2", 3", 4 + , 5 + , 6 + )]^. +3 , 

5 2 :<= 4 (r,2-,3-,4 + ,5 + ,6 + ) = [A«=\l~ , 2", 3", 4 + , 5 + , 6 + )]]^ 6 _. , ^ 

which impose constraints on the coefficients. Under Si, Wi — > so we have, 

Si : Bi — > 5, (5.7) 

whereas under S2, Wi — > Wi and PF 2 ^ ^3 so that 

S 2 :B 1 — >B U B 2 ^ B 3 . (5.8) 

The coefficients clearly satisfy these conditions when we note that B itself satisfies, 

Si: B — > So, S 2 :B ^B Q . (5.9) 

Applying Sj to the gluino amplitudes provides a set of consistency conditions that 
enable us to resolve the ambiguities that arise in solving the SWI. 
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As for the tree amplitudes, we can generate all the possible two-gluino ampli- 
tudes from a minimal set of four by conjugation, relabeling and flipping. These gluino 
amplitudes have a subset of the invariances of the gluonic amplitudes. Specifically, 
A(9i, A sT> 93, 9i, Ajj", gt) is invariant under Si and S 2 , while A(A±, g%, g^, AJ, g£, g£) 
is only invariant under Si, A(g^ , g 2 , A 3 , A4 , g£, g£) is only invariant under S 2 and 
A(g± , Ag , ^3", A^ , g£, g£) is invariant under neither. 

For this helicity configuration the SWI are fl3.6| ) and ( |4.1U ) . To solve for Bi we 
need identities involving (4 rj) and (5 7/). These are, 

t 123 (4t/) =(l|iv 123 |4) (It/) + (2|iv 123 |4) (2 7/) + (3|K 123 |4) (3r/) , 

(5.10) 

t 123 (5r/) =(l|iT 123 |5) (lr/) + (2|# 123 |5) (2r/) + (3|iv 123 |5) (3 77) . 

We can check that these equations are consistent with the symmetries Sf. if we have 
solutions, 

A(A V ) = B(1 V ) + C(2r ] ) + D(3r ] ), 
A' (5 77) = B' (1 77) + C (2 77) + D' (3 77) , 

then we must have, 

S 1 : (£?A4) - (B/A), S 2 : (D/A) - (D/A), S, : (C/A) - (C/A). (5.12) 
The coefficients in ( |5.10| ) clearly satisfy these constraints. Thus we have solutions, 

7(t 123 ) 2 (l|K 123 |4) 



[12] [23] (45) (5 6)(1|# 123 |4)(3|K 123 |6)' 

7(ti 23 ) 2 (2|A- 123 |4) 

[12] [2 3] (4 5) (5 6) (l|if 123 |4)(3|A- 123 |6) ' 

^(ti23) 2 (3|A- 123 |4) 

[12] [23] (45) (56)(l|Ar 12 3|4>(3|Ar 123 |6)' 
z(t 123 ) 2 (2|iv 123 |5) 



B i( A i,92i93~i A ii9£,g£) 

Bi(9i,A-2 , 9l g£ \g$) 
B i{9ii92i A zi A ti9ti9t) 

Bi(g;,A;,gs,g:,A+,g+) ^ ^ ^ ^ ^^^^y 

To solve for the first three _B 2 's we use the identities, 

(A\K 2U \1) (4t/) =t 234 {lr}) - (2\K 2U \1) (2t/) - (3|iv 234 |l) (3t/) , 
(23) (4t/) = (43) (2t/) + (24) (3t/). 

Which give solutions, 

3 



(5.13) 



(5.14) 



TMK,92,9zAi:9t,9t) = ( m T ll) ) B, 



t 3 

t 234 



r 234 



d „- a- A+ „+ n+] _ , -(4|A- 234 |1) 3 (3|A- 234 |1) - ^^^^ 

r 234 / \ r 234 

(5.15) 
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The absence of a second term from the first coefficient is consistent with the ob- 
servation that this box-coefficient does not have a singlet term when we consider 
two-particle cuts in the t 234 channel. (This observation would naturally lead us to 
an identity that does not involve (1 77)) 

For the final B 2 box coefficient there are three identities we might use: 

(4|X 234 ]1> (5 77) =(4|K 234 |5) (177) - [4 2] (15) (2rj) - [4 3] (15) (3 V ) , 
(2 3) [5 6] (577) = - (2 3) [16] (I77) + (6|^ 234 |3) (277) - (6|^ 234 |2) (377) , (5.16) 
(23) (577) = (53) (277) + (25) (377). 

Of these, only the first two have the correct behavior under S^. Using these identities 
we find, 

B (a- A- a a+ A+ a+) - ^Ml!HM B + (2 3) 3 [5 6] 3 (6|if 234 |3) t 

r 234 r 234 

(5.17) 

which has the appropriate symmetries. This pair of identities also lead to the same 
forms for the other B 2 coefficients obtained previously. 
For the B 3 coefficients, the identities, 



(5.18) 



(6|K 345 |3) (477) = [6 1] (3 4) (I77) + [6 2] (3 4) (277) + (6|^ 345 |4) (377) , 
(12) [45] (477) = - (5|^ 345 |2) (I77) + (5|X 345 |1) (277) - (12) [35] (377) , 

(6|^ 345 |3) (5 77) = + [6 1] (3 5) (1 77) + [6 2] (3 5) (2 77) + (6|K 345 |5) (3 77) , 
(12) [4 5] (577) = - (12) [4 3] (377) + (4|^ 345 |2) (I77) - (4|^ 345 |1) (277) , 

give the following solutions with the correct symmetries under Si, 

r 345 / \ r 345 

r 345 / \ r 345 

B^Mi^i) - ( m^m-m B _ + ( -<i2)M45r[35] , B 

r 345 / \ J 345 

B.^.^M.ri) - (*f«) B. + (±^| Bl 

V r 345 / \ r 345 

(5.19) 

Comparing these with the B 2 coefficients we see that the S 2 symmetry is also satisfied. 

We can obtain the gluino amplitudes with helicity configurations ( 1 h+) 

and ( — I 1 h) in a similar manner, i.e. by finding polynomial solutions to the 

SWI based on the gluonic amplitudes that respect the symmetries of the amplitudes. 
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We have verified numerically that these expressions agree with those obtained us- 
ing quadruple cuts ( |2.18|) . These coefficients are collected in the appendix and are 
available in Mathematica format to download. 

There are straightforward relationships between the box coefficients and tree 
amplitudes. By necessity the IR divergences must be of the form, 

~ x lj ^ I1± ^ ■ ( 5 - 2 °) 

i 

The box-coefficients must then satisfy, 

^1 + ^2 + ^3 = 2A tTee . (5.21) 

It can be checked numerically that this is true by comparison with the tree amplitudes 
of section 4. The expressions for the tree amplitudes actually correspond to a subset 
of the terms comprising B^. There are five terms in each B\ + B 2 + B 3 expression. 
Two of these correspond exactly to the tree amplitudes of section 4 whereas the other 
three give an alternate, not trivially related, expression for the tree amplitude. For 
example taking the amplitude Ag r (<?J" , g 2 , A3 , A4 , g£, g£) we find, 

A tr = (ti 23 ) 3 (3|if 123 |4) / (23) 3 (24) [56] 4 \ t 

6 [12][23](45)(56)(l+|/r|4+)(3+|^|6+) + l v tj 34 J + ' 

+ / -(12) 4 [45] 3 [3 5] \ Bi _ (5>22) 

y ^-345 J 

-(4+|/T|l+) 3 (3+|^|l+) \ B+ + / (6+|/f|3+) 3 (6+|/T|4+) \ B 

^-234 / V ^345 / 

the second expression being that for the tree amplitude of section 4 and reference . 
These relationships mirror very closely the behaviour of the gluon scattering ampli- 
tudes: it was the observation that the box coefficients reproduced the tree amplitudes 
in simple compact forms [§], [50| that led to the recursion relationships for tree am- 



plitudes [[28 



The twistor structure of the box coefficients is also rather simple: all the box- 
coefficients satisfy coplanarity constraints, 

K ahcd B t = . (5.23) 

In fact this is satisfied by each of the terms within Bi individually. 

6. Amplitudes With More Than Two Fermions 

We can use the SWI to obtain amplitudes involving four or more gluinos of the same 
flavour from those involving two gluinos. In the six-point case the tree amplitudes 
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involving four and six fermions have been computed directly [|5T, 52 1 and also using 



recursion relations 53 



If we consider n-point NMHV amplitudes with negative helicities on legs m,, 
applying the Af = 1 supersymmetry operator to, 

An{$\ i ■ ■ ■ i 9m 1 i ■ ■ ■ 5 , m 2 ' " " " ■^■m 3 i • • • ■ ■ ■ • • • i9n)i (^-l) 

gives the SWI, 

= {m x rf) A^' ms ' r ' s + (m 2 rf) A^ m ^ s - (r rf) A^ s - (s rf) A^ r , (6.2) 
where we define, 



/\m 2 ,m 3 ;r,s _ a I + - A A~ A + A+ n +\ 

jr-L n — jn. n , . . . , y mi , . . . i i- m2 , . . . , i *- m3 , •••" r ■ ■ ■ Iv s " " " > Un / > 

A n 3 ' = A n ( g 1 , . . . , g mx , . . . <7 m2 , . . . , A mg , . . . A r . . . g s . . . , g n ) . 



(6.3) 



This rank two system can be used to solve for the four fermion amplitudes in terms 
of the amplitudes with two fermions. For example choosing rj = nil gives, 

j\m 2 ,rar,r,s _ { r m l) j^m 3 ;r _|_ { s m l) j^m 3 \s /g ^\ 

n (TO2TO1) n (m^rni) n 

Since we have used the TV = 1 SWI, all of the fermions in this amplitude have the 
same flavour. 

To obtain amplitudes with six gluinos we apply the supersymmetry operator to, 

^n(^i + ,--.^- 1 ,...A- 2 ,A-3,...A r + ...A+...,At + ---^), (6.5) 
giving the SWI, 

= (mi 77) A^ 1 ' m2 ' m3;r ' s '* - (r rf) A^ m ^ 1 - (s rf) A^ m ^ - (t rf) A™ 2 ' m3 ' r ' s , (6.6) 

which allows us to express the six fermion amplitude in terms of four fermion ampli- 
tudes. For example, choosing 77 — r, 

( ST ) A m2,m 3 ;r,t + ( tr ) ^m 2 ,m 3 ;r, 8 (g 7) 

{mi t) n (mi r) n 

Again the fermions are all of the same flavour. These relations are exact to all orders 
in perturbation theory in any supersymmetric theory. 

For amplitudes involving two fermion flavours we must be precise about which 
theory we are describing and in particular whether our theory contains scalars. Su- 
persymmetric amplitudes with two flavours of fermions must include at least one 
scalar. For M > 2 (and indeed for M = 1 with adjoint matter) the fermions have 
Yukawa couplings to the scalars which simultaneously change both the flavour and 
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the helicity of the fermions. Such Yukawa couplings do not contribute to tree ampli- 
tudes with two gluinos, but they can contribute to amplitudes with four gluinos of 
two different flavours. 

In J\f = 2 we can generate a SWI by applying Q 2 to, 

A%= 2 (g+, ...,g- 1 ,...g- 2 ,...,A^ 3 ,...A 1 r + ...A 2 +...,g+). (6.8) 

We obtain, 

= (mm) A%= 2 (gf, . . . , A^", . . . g~ 2 , . . . , A^", . . . AJ+ . . . A 2+ . . . ,g+) 



+ (™2 V) A n 2 (gfi ■ • • ,9 mi , • ■ ■ A m 2 , • • • > A m 3 ' • • • A r + • • • A s + • • • > 9n. 

-i (m 3 r)) A^ =2 (g+, . . . , g~ v . . . g~ 2 , . . . , 0" 3 , . . . . . . A 2+ . . . , g+) 

(s Tj) A n (g± , . . . , g mi , . . . g m2 , • • • , A mg , . . . A r . . . g s . . . , g n ) , 



(6.9) 



which can be used to determine the two flavour, four fermion amplitude in terms 
of a two fermion amplitude we have already calculated and a scalar-fermion-fermion 
amplitude which we discuss in the next section. 



7. Amplitudes Involving Scalars 

As noted above, for J\f > 2 the fermions have Yukawa couplings to the scalars which 
simultaneously change both the flavour and the helicity of the fermion. At tree level, 
this vertex implies that amplitudes of the form, 

^(0-,A 1+ ,A 2+ ,^,...,^), (7.1) 

need not vanish. In fact, there are non- vanishing MHV tree amplitudes of this form 



as may be seen in the expression of ||14|| . These amplitudes will appear in the SWI 
and must not be discarded. 

In an Af = 2 theory there are two flavours of gluino, A*. Acting with Q 2 on, 

A^= 2 (A{-, g~, g~, 0+ g+, ...,g+), (7.2) 



(7.3) 



gives, 

= - i (1 V) A n =2 {(pi, 92, 9s, <f>t, 9$, ■ ■ ■ , 9n) 
+ (2 n) <= 2 (A{- A 2 ", gj, 0+ g+, ...,g+) 

+ (3 ry) <= 2 (AJ- gj, A 2 ", 0+ g+, g+) 
+z (4 r?) A*= 2 (A\-, gj, g^, A\ + , g+, ...,g+). 

To solve this we need to find polynomial expressions of the form, 

= iA (1 77) + B (2 rj) + C (3 r]) - iD (4 77) . (7.4) 
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Given such solutions, there will be relationships between the individual terms of the 
two gluino and two scalar amplitudes of the form, 



Ai erm (^, 92, 9s, <Pt, 9t, -,9t)= (£) AT m (A\-,g^, g~, A\ + , g+, ...,g n ). (7.5) 

If the appropriate solutions to ([7.41) are the same as those used to obtain the two- 
gluino amplitudes, then the scalar terms will be of the form, 

< rm (fc, 9z, 9s, 4 + , 9t, ■ ■ ■ , 9t) = (^) K erm (9i, 92, 9s, gt, 9t, ■■■,9n). (7.6) 
For gluonic amplitudes of the form, 

A 9luon = J2X u (7.7) 

i 

we might expect amplitudes containing a pair of particles of spin h to have the form, 

4T pair = ^(a*) 2 ~ 2/l X,, (7.8) 

i 

where h = 1 for gluons, h = 1/2 for fermions and h = for scalars. Such structures 
are apparent in tree amplitudes as can be seen in the results of 0, |l(|. For exam- 
ple, we can generalise our two gluino tree amplitude for the helicity configuration 
( h ++) to give, 



A^= 2 (H^g^g^Ht,gt,9t 



* 23 4 Y~ 2h *(4|if 23 4|l> ; 



+ 



(41^23411)7 t 23 4 [2 3] [3 4] (5 6) (6 1) (2|^ 234 |5) 
16](34>\ 2 - 2h *(6|^ 612 |3> 3 



(6 1 K 612 1 3) J U X 2 [6 1] [1 2] (3 4) (4 5) (2 1 K 612 \ 5) ' 

(7.9) 

where H represent a gluon for h — 1, a gluino for h = 1/2, a scalar for h = and 
an anti-gluino for h = —1/2. Such formulae are extremely useful when computing 
one-loop amplitudes using cuts (see for example || |T0|]). 

This behaviour extends to the coefficients of the one-loop box functions and we 
give expressions for the box-functions for two scalars in the appendix. We have 
checked numerically for a representative sample that the box-coefficients thus ob- 
tained match those obtained via quadruple cuts. 

Once we have the two gluino and two scalar amplitudes, the SWI ( [7.31 ) gives 
amplitudes such as, 

A n (A\-, At, 93, <Pt, 9t, 9t), (7-10) 

directly. Given these amplitudes, the two flavour, four gluino amplitudes can be 
obtained directly from 
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8. Conclusions 

Recently there has been much progress in computing one-loop amplitudes with exter- 
nal gluons in compact forms, where the factorisation structure is simple and manifest. 
In this paper we have shown how to use Supersymmetric Ward Identities, together 
with the inherent symmetries of the amplitude, to generate one-loop amplitudes 
where the external particles are gluinos or adjoint scalars from these compact glu- 
onic expressions. In particular, we have calculated all the six-point M = 4 NMHV 
amplitudes involving two gluinos or scalars. The amplitudes with four or six gluinos 
(of a single flavour) have been given as linear combinations of the two gluino am- 
plitudes. Although these results are specific to supersymmetric theories and adjoint 
fermions, they do reduce the amount of computation required to obtain results in 
non-supersymmetric theories with fundamental quarks. We also expect SWI to fa- 
cilitate the calculation of loop scattering amplitudes in supergravity theories (see 
appendix B). 

Organising Yang-Mills amplitudes in terms of helicity structure, particle type, 
colour and supersymmetry has helped enormously in understanding the structure 
of interactions in Yang-Mills theory and is the framework within which progress 
has occurred. However, phenomenologically, most of the quantum numbers which 
organise the amplitude are not observable in collider experiments. Consequently, 
the list of simple amplitudes required to compute an experimental quantity is rather 
long. The use of symmetries, such as SWI, to generate amplitudes without explicit 
computation is very helpful in this context. 
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A. Summary of One-Loop Two Gluino and Two Scalar Six- 
Point Amplitudes in M = 4 SYM 

The amplitudes for the M = 4 theory are all of the form, 

(A.l) 

with the coefficients q depending on the helicity and type of the six particles. This 
combination of box functions is given explicitly in eq. (|5.1|) . The amplitudes will have 
one particle denoted H and a second denoted by H. Again, H will denote either a 
scalar or A*. The amplitudes are obtained using the specific values of h as defined 
in table 1. 



;i,2, 3,4,5, 
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Table 1: The values of h for the choices of external particle H. 



We express the box coefficients in terms of Bn and B± and their conjugates 
where, 

"^123 J 



[12] [2 3] (4 5) (5 6) (l+|/f|4+>(3+|/f|6+>' 



and 



-£>+ _ A)li->j+i > -£>- — -^o li— »j— l 



For amplitudes with helicity configuration 
purely gluonic case by Bi, 



(A.2) 

++) we denote the cs in the 



A 



7V=4 (l-,2-,3-,4+,5 + ,6- 



(2) 



r(3) 



(A.3) 



where, 



By 

B 2 



By 



o- 



B} + B*= f^ K ™M 



Br = Bn + Br, 



^234 
(6|^34 5 |3) 
^345 



B_ 



(2 3) [5 6] 



1-234 



B 



(12) [4 5] 

^345 



B T . 



(A.4) 



For ease of presentation we shall denote the box-coefficients with fermions/scalars 
as Bf b when legs a and b are the H and H particles. The solutions for the Bf b for 
gluinos were derived in section |5| and we present them here again in a form that also 
gives the two scalar amplitudes. For the four independent configurations, (ab) = (14), 
(24), (34) or (25), we find, 

2-2ft 



Bl 4 
Bf 
Bf 
Bf 



(1|#123 
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^123 
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R 14 _ / ^234 , w 
2 _ l .<4|i^ 23 4|l>. J 2 ' 



* 2 = \ W^) J ** + 1(23) ) ' 



(A.6) 



(4|k 234 |i) ; 2 V(23) 

p 2 , / ~[42] (15) \ 2 ~ 2/l , / (6|if 234 |3) \ 2 - 2h p/J 



2 ~~ I /A\zr I -i \ J ^2 r / no \ rr^i 



_ , (3 4) [61] \ 2 - 2fe A / -(5|K 345 |2) \ 2 - 2fe 
3 ~ V(6|^345|3)J " 3+ l (12) [45] J 

2-2/i /, r i r/ i -| \ \ 2-2/i 



3 • 



(A.7) 



_ / (3 4) [62] \ ^ A f (5\K^\l) \ 
3 " V<6|^3 45 |3>; ^ 3 + V (12) [45] J 3 

r34 ( m^) \ 2 - 2h pA , / [3 5]\ 2 - 2fe B 

53 = l(6i^]3)J 53 + \rm) 3 ' 

_ / [6 2] (3 5) V" 2 * A f -(4\K 3A5 \l) \ 2 ~ 2h B 
3 ~ V<6|^ 345 |3>; Bs+ { (12) [45] J 

Next we have amplitudes with helicity structure ( 1 h+). In the purely 

gluonic case, the amplitude is symmetric under, 

S 1 : <= 4 (1, 2, 3, 4, 5, 6) — > [< =4 (6, 5, 4, 3, 2, l)]t. (A.8) 

In this case we denote the coefficients of the Wg by -Dj. These are given by, 

V Z: 123 / V ''123 / 



D 2 = Dt + D*=[ ) 4 B + + f MM) 4 4, (A.9) 



234 / \ ^234 

B3 s ^ + Di = ( !«y B _ + fMMV at . 

V ^345 / V ^345 / 

As above, we denote the coefficients of amplitudes with particle a of type H and 
particle b of type H by Df b . For this helicity configuration there are six independent 
possibilities: 

(ab) = (13), (23), (43), (15), (25), (16). (A.10) 

These six box-coefficients are constrained by the system of three SWI ( |4.17|) . In 
solving these we must find solutions which satisfy, 

\ab , 7~ia6 



S i: D»^>D» (a6) = (34),(25),(16), 
Sl :Df^Df (a6) = (34),(25),(16). 
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The identities that give amplitudes with the appropriate symmetries are: 
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6 77) = - [3 5] (6 1) (2 77) - [3 5] (2 6) (1 77) . 



The box coefficients are then given by, 
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Next we have amplitudes with helicity structure ( — I 1 V). The 

gluonic amplitude is symmetric under, 

S, : <= 4 (1, 2, 3, 4, 5, 6) — <= 4 (1, 2, 3, 4, 5, 6) |^ j+2 , 
S 2 : <= 4 (1,2,3,4,5,6) — [<= 4 (1, 2, 3, 4, 5, 6)|^- +1 ]t. 

In this case we denote the coefficients of in the purely gluonic case by G{. 
are given by, 
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Although there are only two independent configurations with two gluinos in this case, 
we present results for all the two gluino amplitudes appearing in the SWI (|4.25f) . 
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Amplitudes with the correct symmetries are produced by applying the following 
identities to the SWI: 

(2|# 123 |5) (27?) = *i23 <5t7> - (l|Xi 23 |5) (I77) - (3|K 123 |5) (3 77) , 

(1 3) [4 6] (2 77) = (2 3) [4 6] (1 77) + (1 2) [4 6] (3 77) , 
(6|* 234 |3) (2t/) = - [6 1] (2 3) (lr7) + (6|^23 4 |2) (3 77) + [5 6] (2 3) (577) , 

(51) [2 4] (277) = - (51) [3 4] (377) + (4|* 234 |5) (I77) - (4|* 234 |1) (5 77), 
(41*34511) (2 r/) = (4|* 345 |2) (It?) + [3 4] (12) (3 77) - [4 5] (12) (5 77) , 

(3 5) [6 2] (2t/) = - (3 5) [6 1] (lr?) - (6|* 345 |5) (3 77) + (6|* 345 |3) (5 77) . 

The amplitudes are: 
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The six-point box-coefficients have been explicitly checked by numerically evalu- 
ating the quadruple cuts. The functional forms of the six-point coefficients Bf b , Df b 
and Gf 1 are available in Mathematica format at: 

http:/ /pyweb. swan. ac. uk/~ dunbar/SWAT430. html. 
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B. Graviton Scattering Amplitudes 



Some of the earliest applications of SWI were to graviton scattering amplitudes [[11 



The MHV amplitudes involving different particle types obey relationships very sim- 
ilar to the Yang-Mills case, 

M(g^,H^,H+,g 4 ,---,g+)= l^j M(g^,g^,g+,g A ,- ■ ■ ,g+), (B.l) 

where h now runs over the helicities of the M = 8 supergravity multiplet, i.e. from 
h = -2 to h = +2. 

If we solve the SWI for NMHV amplitudes, we might again expect to find am- 
plitudes of the form, 

J2( X *) 4 ~ 2h x C t . (B.2) 



Examination of the six-point NMHV tree amplitude |!2], f5^] reveals precisely this 
structure and it can also be found in the coefficients of loop amplitudes |53 
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